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Quantum gravity with linear action. 

Intrinsic rigidity of spacetime. 
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'^National Research Center ” Demokritos”, 

Ag. Paraskevi, GR-15310 Athens, Greece 

An earlier proposed theory with linear-gonihedhic action A(Mi) for quantum gravity, which requires the exis¬ 
tence of a fundamental constant of dimension one is reviewed. One can consider this theory as a ’’square root” 
of classical gravity. We demonstrate also, that the partition function for the discretized version of the Einstein- 
Hilbert action found by Regge in 1961 can be represented as a superposition of random surfaces with Euler 
character as an action and in the case of linear gravity as a superposition of three-dimensional manifolds with 
an action which is proportional to the total solid angle deficit of these manifolds. This representation allows 
to construct the transfer matrix which describes the propagation of space manifold. We discuss the so called 
gonihedric principle which allows to dehnd a discrete version of high derivative terms in quantum gravity and to 
introduce generalized dehcit angles which suppress non-flat vertices, thus introducing intrinsic rigidity of space- 
time. This note is based on a talk delivered at the II meeting on constrained dynamics and quantum gravity at 
Santa Margherita Ligure. 


1. Introduction 

Unification of gravity with other fundamental 
forces within the superstring theory essentially in¬ 
creased the interest to quantum gravity and to 
physics at Planck scale. In particular, string the¬ 
ory predicts modification of the gravitational ac¬ 
tion at Planck scale with additional high deriva¬ 
tive terms and possible terms generated by D- 
braines. In principle one can ask different qus- 
tions concerning physics at Planck scale refering 
to this effective action and in particular one can 
try to formulate direct regularization of the Eu¬ 
clidian path integral over simplicial manifolds us¬ 
ing this effective action. 

One of the basic elements in this definition of 
path integral over simplicial manifolds is the dis¬ 
crete version of the Einstein-Hilbert action which 
has been found long time ago by Regge [|p. This 
action allows to define properly summation over 
simplicial manifolds , and to con¬ 

sider nontrivial scaling behaviour of the theory. 

The aim of this article is to review and to 
extend this approach to different modifications 
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of gravity which follow from string theory and 
also to develop an alternative approach to quan¬ 
tum gravity which is based on new principles 
. These geometrical principles allow one 
to extend the notion of Feynman integral over 
paths to an integral over manifolds in the sense 
that the manifold which degenerates into a sin¬ 
gle world line has an amplitude which is propor¬ 
tional to its length. This approach to quantum 
gravity was motivated by the fact that time evo¬ 
lution of the space AT” is described by an am¬ 
plitude which should be proportional to the lin¬ 
ear size of the universe M This principle 

of linearity together with the continuity princi¬ 
ple in the space of triangulations allows to de¬ 
fine the linear action of the theory A{M). For 
the three-dimensional gravity this linear action 
A{M 3 ) coinsides with the Regge action and in 
four dimensions it is essentially different because 
the Regge action S{M 4 ) has dimension two and is 
proportional to the area of the universe M 4 while 
the linear action A{M 4 ) is proportional to the lin¬ 
ear size of the universe and can be considered as 
a ’’square root” of classical gravity. The linear 
character of the theory requires the existence of a 
new fundamental coupling constant of dimension 
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one. In this theory the convergence of the parti¬ 
tion function is better and the linear character of 
the theory allows to integrate over the lenghts of 
the links and to sum over different trinagulations 
at the same time |p^ . One can expect that quan¬ 
tum fluctuations will generate an effective action 
at large distances, which coinsides with the clas¬ 
sical gravity. 

The first part of this review presents the above 
approach to quantum gravity, which is based on 
the idea that quantum mechanical amplitudes 
should be proportional to the ’’linear size” of the 
fluctuations. It is natural to call these ampli¬ 
tudes ’’linear” or ’’gonihedric” because their defi- 
nation contains the sum of products of the char¬ 
acteristic lengths and angles of the fluctuations 
1^,1^. In the second part we demonstrate that 
the simplicial quantum gravity which is based on 
the original Regge action can be represented as 
a superposition of topological amplitudes propor¬ 
tional to the Euler character. A similar result 
holds in quantum gravity based on gonihedric ac¬ 
tion Ai^Mi) where the superposition is over total 
deficit angles. This result allows one to construct 
the transfer matrix in gravity which describes the 
propagation of space manifold |I9|. In the third 
part we review the systematic construction of the 
high derivative terms on a simplicial manifolds 
and discuss the possible consequences on space- 
time rigidity. The rigidity can be understud as 
a property of system when the dynamical dimen¬ 
sion in the form of the Hausdorff dimension dn 
coincide with the kinematical dimension d of the 
system dn = d . 


2. Quantum gravity with linear-gonihedric 
action [19] 

Quantum gravity with linear-gonihedric action 
A{Md) can be derived from natural physical re¬ 
quirements such as : 

a) coincidence of the transition amplitude with 
the usual Feynman path amplitude for a manifold 
Md degenerated to a single world line and 

(3) the continuity principle for the transition 
amplitudes. 


d=3. To construct the three-dimensional 
quantum gravity with the linear action A^M^) 
we shall apply the principles a) and /3). In ac¬ 
cordance with a) the quantum mechanical ampli¬ 
tude should be proportional to the linear size of 
the manifold and thus it must be proportional to 
the linear combination of the lengths of all edges 
of simplicial manifold M 3 


A{M,) = ^ A., • 0, 


( 1 ) 


<i,j> 


where is the length of the edge between two 
vertices < i > and < j >, summation is over all 
edges < i,j > and Qij is unknown factor, which 
can be defined by use of the continuity principle 
f3). Indeed, if we impose a new vertex < m > in¬ 
side a given flat tetrahedron < ijkl >, then for 
that new manifold we will get additional terms 
^im^im T 3\-jm^jm “f ^kva^km T A/^O/m tO the 
action and we will get an extra terms imposing 
new vertices, despite the fact that the manifold 
does not actually change. To exclude such type 
of contributions we should choose gonimetric fac¬ 
tor Qij so that it will vanish in flat cases. This 
can be done by the use of the dihedral angles, 
therefore 


A(M3)= ^ Ay ■0( ^/3y), 


( 2 ) 


<i,j> 


where 0(27r) = 0 and summation is over all dihe¬ 
dral angles /3y between triangular faces of tetra- 
hedra which have the common edge < i,j >. 
These angles appear in the normal section of the 
edge < i,j >. This definition guarantees that flat 
edges, ^ Pij = 27r, do not change the action. 

In analogy with the gonihedric string |16| one 
can also define more specific theories with the 
property that 

0(47r-^/3y) = 0( ^/3y), 0( > 0,(3) 


thus we shall allow almost arbitrary functions of 
the deficit angle w= 27r — ^ /3y. Generally 
speaking, a suitable selection of the gonimetric 
factor 0 can be done if we require a convenient 
scaling behavior of the theory [|^. We will use 
the following parametrization of the 0 (a;) 


0(0;) = (27r — ujY , 


( 4 ) 
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which for the case c = 1 coincides with the Regge 
action ||] 

AiMs)= Y. (5) 

<i,j> 

and is the discrete version of the following con¬ 
tinuous Hilbert-Einstein action 

AiMs) = [ Rdvs. ( 6 ) 

J M3 

d=4. Let us consider now four-dimensional 
manifold M 4 . Using the same principles of linear¬ 
ity a) and continuity /3) we can define the linear 
action Ai^M^) for the four-dimensional quantum 
gravity as 

A{M^) = Y - E (7) 

<ij> 


the total area of the polyhedron on which cor¬ 
responds to the spherical image of that edge or 
the perimeter of the given triangle by the area 
of the image on which corresponds to that 
triangle (^). The linear character of the the¬ 
ory requires the existence of a new fundamental 
coupling constant of dimension one. This linear 
theory is again intrinsic and has better chances 
to describe quantum gravity because the entropy 
factor is finite in this case. 

The difference with the classical area action is 
that in the perimeter of a triangle is multiplied 
by the deficit angle associated with the triangle 
and in the Regge action one should multiply the 
area of the triangle by the corresponding deficit 
angle 

SiMi)= Y ( 10 ) 

<ijk> 


where the first summation is extended over all 
edges of M 4 and the second summation is over 
two-dimensional normal sections of a given edge 

< i,j > and all triangles < ijk > which have a 
common edge < ij >, Pijk are the angles on the 
cone which appear in the normal section of the 
edge < ij > and triangle < ijk >. Geometri¬ 
cally the last factor is equal to the total area of 
the polyhedron on which corresponds to the 
spherical image of the edge < i,j >, that is to 
total deficit angle on all triangles sharing a given 
edge < j >. In short notation the action is 

triangles <ijk'> with 

A{M,) = Y A., • E (8) 

<i,j> common edge <ij> 

( 2 ) 

where is the deficit angle accociated with tri¬ 
angle < ijk >. 

Let as combine all terms in (|^ belonging to 
a given triangle < ijk >, then the sum Xij + 
Xjk + Xki = Xijk is the perimeter of the triangle 

< ijk >, thus 

AiM,)= Y (9) 

<ijk> 


the summation is over all triangles in both cases. 

The third equivalent form of the linear action 
(||) can be found by using Gauss-Bonne the¬ 
orem. Indeed at the vertex < i > of a three- 
dimensional simplex we have 

(n, 

where ^ij is the total deficit angle associated 
with all edges < ij > with a common vertex < i > 
and ^ijki is tii® total solid angle of all tetrahe- 
dra < ijkl > adjacent to a vertex < i >. Let us 
consider the normal section of the edge < ij > of 
the four-dimensional manifold M 4 and then apply 
the above theorem to a three- dimensional vertex 
which appears in the normal section 


triangles Kijk^ with tetrahedra Kijkl^ with 

common edge <ij> common edge <ij> 

where 47 r — ^ is the solid angle 

deficit associated with edge < ij >. Thus the 
gonihedric action (^) can be rewritten in the form 


This is an equivalent form of the action (||), there- A{Mi) = E ^ ■ 

fore one can multiply the length of the edge by > 


( 13 ) 
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This is a new result and we will use this expres¬ 
sion in the next section to represent linear gravity 
in the form of superposition of topological ampli¬ 
tudes. 

In his basic paper on the subject Regge (1961) 
notes that one can derive Einstein’s equations in 
empty space by the variation of the action over 

lengths of the edges 6 Xij as if the deficit angles 
( 2 ) (2,) 

^ijk were constant S = 0 . The same result 
holds in our case, therefore we can find equations 
for the gravity with gonihedric action (|^) 


S A{M4) 
S Xij 


triangles with 

E -S =» 

common edge <ij> 


(14) 


It is usefull to compare this equations with the 
Regge equations 


3. Quantum gravity as a superposition of 
topological amplitudes [19,33] 

Our aim now is to represent quantum gravity 
with the action (^ and (0 as a superposition 
of less complicated geometrical theory of random 
surfaces with Euler character as an action 

x(M 2 ) = ^ (19) 

<i;er> 


where UvJr is the deficit angle associated with the 
vertex and summation is over all verteces of the 
surface M 2 . Let us consider the intersection of the 
simplicial manifold M 3 which is embedded into 
Euclidean space of arbitrary large dimension d by 
the d — 1 dimensional plane E. The intersection 
is the two-dimensional surface M^f 


S A{M4) 
S Xij 


triangles 

^ifkCtg lijk = 0(15) 

common edge <ij> 


where jijk is the angle which is opposite to the 
edge < ij > in the triangle < ijk >. As we have 
seen the equations are slightly simpler than in 
the classical general relativity but still nontrivial 
in the sence that the spacetime is not simply flat 
as is the case of three-dimensional gravity where 
the equations have the form 


= Ms r\E, (20) 

because dimM^ = dimMs + dimE — dimR‘^ = 
3+{d-l)-d = 2 . 

We will see now that the linear action A (M 3 ) is 
the sum of Euler characters of all surfaces which 
appear in the intersection {Mf'} 

A{Ms) = Y. x{Mi ), (21) 

{£} 


A(M3) 

6 Xij 


,( 2 ) 

'^ijk 


= 0 


(16) 


that is three dimensional Einstein spacetime is 
flat. 

The partition function of the simplicial quan¬ 
tum gravity with linear action (^) can be repre¬ 
sented in the form 


Egravity ~ E exp{-/ 3 A(M 4 )} (17) 

{Mi} 

and one can expect that quantum fluctuations 
will generate effective action which is propor¬ 
tional to Einstein-Hilbert action 


where 

xiMi) = Y (22) 

<i,j> 

and = 27r — ^ are the angles in the 

intersection of the plane E with the edge < i,j > 
and ojfj = 0 for the edges of M 3 which are not 
intersected by thegiven plane E. 

The formula ( pi|) follows from the fact that 
the average of the angle P^ over all intersecting 
planes {E} is equal to dihedral angle Pij and that 
the number of planes which intersect the given 
edge < i,j > is proportional to its length Xij 

&I10 


ZgravityiP) = exp{-PA{M 4 )-—— S (M 4 )- 

^[P) 


< Pfi > = 


f 


pf^ dE = Pu ■ A, 


(23) 
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Therefore we have the following representation 
of the partition function of the three-dimensional 
quantum gravity 

^ gravity — E n exp{-l3 x{^i) }■ (24) 

{M 3 } {E} 

In deriving this result we supposed that the uni¬ 
verse had been embedded into a flat Euclidean 
space of arbitrary large dimension d , which seems 
not to be a very strong restriction, but still nec¬ 
essary element in this construction. 

In four dimensions the action (0) is propor¬ 
tional to the area S{M4) of the four-dimensional 
universe M4 and we shall again assume that it is 
embedded into Euclidean space of an arbitrary 
large dimension d. Then the intersection (the 
tomography) of the universe M4 C by the 
(d-2)-dimensional plane E is the two dimensional 
surface {dimM^ = dimM^ -\- dimE — dimR‘^ = 
4 + {d — 2) — d = 2). The same arguments as 
before allow to show that 

S{M4) = Y. x{Mi ), (25) 

{E} 

where the summation is extended over all d — 2 
dimensional planes {E} and we have used the fact 
that 

< >= f dE = (26) 

Thus the action S{M4) ( |ic| ) is equal to the sum 
of Euler characters x(M^ over all intersecting 
planes {E}. With this result we have the same 
representation (|^ for the partition function of 
the four-dimensional quantum gravity. 

This result has a general nature and can be 
extended to high dimensions as well. Indeed the 
Regge action for A:-dimensional universe Mk has 
the form 

I/(Mfc)= ^ (27) 

where is the volume element of the k — 2- 

dimensional subsimplex of the /c-dimensional sim- 
(2) 

plex < ii-.-ik > and w, is the deficit angle 

associated with the face < >■ 


As in low dimensional cases we will consider 
embedeed into Euclidean space of arbitrary large 
dimension d. Intersection of Mj. by the d — fc -|- 2- 
dimensional plane is a two dimensional surface 
M 2 {diniMf = dimMk + dimEd-k +2 — dimR'^ = 

k + {d — k + 2) — d = 2) and the Euler character 
of that surface is equal to 

xiMi) = Y ( 28 ) 


are 


where = 2^ - E 

the angles in the intersection of the plane E with 
the subsimplex < > and 


dE (29) 

Ecl-h: + 2 

= /3ii...ifc-l ■ (80) 

therefore 

V{Mk) = Y xiMi ). (31) 

{E} 

The partition function of the fc-dimensional grav¬ 
ity with action and (^^ can be repre¬ 

sented now in the form 

ZYvUvW=Y n exp{-f3xiMi)}.iS2) 

{Ed-k + 2 } 

The similar result holds for gravity with linear 
action (§),(§]) and (^. The intersection of M4 
by the d — 1 dimensional plane E is a three- 
dimensional manifold = M4 n Ed -1 , because 
dimM^ = 4-1- (d — 1) — d = 3. Introducing the in¬ 
tegral invariant which is equal to total solid angle 
deficit of the manifold 

n{Mi) = ^ Ilg)^ (33) 

<ij> 

we get 

A{M4) = Y ( 34 ) 

which coinsides with (|^) if we use the formula 

< >= f dE = nf ■ a „ ( 35 ) 

J Ed-1 
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Thus in the heart of the general relativity is the 
universal topological theory with Euler character 
as an action and the new invariant in the case of 
linear gravity. 

4. Transfer matrix [18,19] 

In (HI) and (H|) the summation is not over in¬ 
dependent two-dimensional surfaces {TXf'}, be¬ 
cause these surfaces ’’remember” a parent mani¬ 
fold Mk, from which they appear in the presses of 
slicing. The problem is to pass from summation 
over two-dimentional surfaces M,^ to the summa¬ 
tion over independent surfaces {M^} the union 
of which can ’’reproduce” any random manifold 
{Mk}. These problem (constraints) can be re¬ 
solved geometrically if we consider the system on 
the lattice. When the continuous Euclidean space 
is replaced by the Euclidean lattice, where the 
surfaces and the manifolds are associated with the 
collection of the plaquettes and cubes, then the 
product over all intersecting planes {E} can be 
evaluated to a product over planes {E"”} which 
are perpendicular to a given time direction r 

Zgravuy{fi)= ^ H K, M^+^) 

where 

K(MJ, Mj+i) = exp - /3{i0(MJ) + A(MJ) + (37) 

i0(Mj+^) -f A(MJ+i) - 2A{M^ n Mj+i) } (38) 

and the independent summation is extended 
over all surfaces {..MJ, on different time 

slices. We have the propagation of the ’’space” 
surface in the time direction r with an ampli¬ 
tude which is proportional to the sum of the gen¬ 
eralized Euler character 0(MJ) and of the linear 
size of the space surface ^(MJ) which is defined 
as 

A{M2) = Aij ■ Itt - a,j\ (39) 

<*.j> 

where aij is the dihedral angle between two 
neighbor faces of M 2 having a common edge 


< i,j > of the length Xij. The interaction 
is proportional to the length of the right angle 
edges of the overlapping surface v4(MJ n 
This formula is valid when 0(a;) = |27r — w|, 
the embedding space has dimension four and self¬ 
intersection coupling constant k is equal to infin¬ 
ity |r||. 

5. Gonihedric principle and intrinsic rigid¬ 
ity of spacetime [20] 

In this section we will describe the regular way 
of constructing the integral invariants on a sim- 
plicial manifold which naturally reproduces the 
Regge result and allows to construct large class 
of new integral invariants which can serve in our 
attempt to formulate well defined path integral in 
quantum gravity. 

The method is based on the Steiner idea of par¬ 
allel manifold l34[|35|Jl7|l . The hypervolume of the 
parallel manifold can be expanded into a 

polynomial of a distance p from the original man¬ 
ifold Mn-i- Every term of this expansion rep¬ 
resents an integral invariant /ife(M„_i) k = 
0,1, ...,n—1 constructed on the n — 1-dimensional 
manifold M„_i through the curvature tensor |^ . 

Let us consider for that a compact orientable 
hypersurface M„_i embedded in an Euclidean 
space E" and define a parallel manifold M}{_^ as 
a set of all points at a distance p from M„_i. 
Then for p sufficiently small the hypervolume 
p,o{M}{_^) of the parallel manifold is equal to 

— J (^1 + P)...{Rn-l + p)duJn-l, (40) 

simply because n — 1 principal curvatures for the 
parallel manifold M^_.^ are equal to Ri + p, i = 
1, 2,.., n — 1. Expanding the product of the inte¬ 
grand one can get 

P'o{M}{_i) = /i.o(Mji_i) -I- p ■ /ii(M„_i) 

■ M2(A7n-l) + ■•■ + p" ^ ■ Pn-l{Mn-l), (41) 

thus generating the whole sequence of integral in¬ 
variants Pk{Mn-l) = 

The main idea of the construction of the dis¬ 
crete invariants is based on the fact that this ex¬ 
pansion can be evaluated not only for smooth 
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manifolds but for the simplicial manifolds as well. 
This allows to find out discrete versions of the 
above classical invariants which in¬ 

cludes also the Hilbert-Einstein action 

To demonstrate the method let us consider 
Steiner expansion for the hyper-volume of a 
smooth manifold M 4 

n{MP) = niMi) + p-v{M4) + ■ s{M4) 

+ ■ A{M4) + p'^ ■ x{M4) (42) 


and compare with the same expression for a piece- 
wise linear manifold M4, then one can get the 
discrete versions of the above invariants 


n{M4) 

— ^ ^ '^ijklm * I5 

{ijklm) 

(43) 

V{M4) 

— ^ ^ l^ijkl ' ^ijkl\ 

(ijkl) 

(44) 

S{M4) 

= ^ ^ ^ijk * (27r — ^ ^ pijk)i 

{ijk) 

(45) 

A{M4) 

(b) 

(46) 

X{M4) 


(47) 


(b 


where we introduce internal angles Pi, Pij, Pijk be¬ 
tween one, two and three simplexes and aijki for 
the external angle between two four-dimensional 
simplexes, as well as the notation Vijkim for the 
four-volume of the four-simplex {ijklm) and the 
notation for the four-volume in of the 
spherical image of the vertex (i). 

Note that cof is independent of the external 
angle a. This is in agreement with the general 
pattern which states that the coefficients to even 
powers of p are intrinsic integral invariants, while 
the coefficients to the odd powers of p contain ref¬ 
erence to the extrinsic geometry. The whole four- 
volume obtained by summation over all ver¬ 
tices of the piecewise linear manifold M 4 is pro¬ 
portional to the Euler-Poincare character in the 
same way as in the two-dimensional case (HI)- 

The important lesson which we learn from 
Steiner expansion for smooth and non-smooth tri¬ 
angulated manifolds is that in all these 

cases the integral invariants /ife(M„_i) are the 


product of the volume of the faces of M„_i and 
the volume of the corresponding normal images 
of these faces 

M = E {vol of face) ■ {vol of image) (48) 

{faces} 

here the ’’face” means vertex, edge, trian¬ 
gle, tetrahedron .. and high dimensional sub- 
simplexes of Mn-i- 

Using the gonihedric property ( ^ ) of the inte¬ 
gral invariants one can construct new invariants 
on a manifold M„_i [^. To maintain locality 
one should always multiply the volume of the face 
by the different invariant measures on the cor¬ 
responding image 

{vol of face) ■ {measure on image). (49) 

{faces} 

The only restriction is that the topological mea¬ 
sures on the spherical images should be excluded, 
because a given vertex can be deformed into a flat 
one, in which case the spherical image shrinks to 
zero leaving nonzero topological invariant. There¬ 
fore one should always exclude topological mea¬ 
sures on a spherical images when exploring new 
invariants |2^. 

To analyze the possible new integral invariants 
in four and higher dimensions, we need to intro¬ 
duce a universal notation for solid angles on the 
faces of a simplex and on the corresponding spher¬ 
ical images. We shall use for solid angle at 
a vertex of a fc-dimensional simplex and for 
the solid angles on spherical images. All these 
solid angles are functions of the previously intro¬ 
duced angles denoted by a’s and /3’s with various 
indices. 

The geometric measures on the spherical image 
of the vertex (i) are: hyper-volume, volume, area 
and length Q 

EogUS. Eogtd’b m 

Using these measures one can construct new in¬ 
variant of the “area” type (like S{M 4 )), namely 

Ms(Af4) = • ( E )■ 

(ijk) 


( 51 ) 


(i.e. like A{Mi)): 


fj^AiMi) = A, 
{iJ) 


E 


'V 


E ^ 


(3) 

ijkl 


of “length” 

type 

,(2) ) 

‘^rjkl^ ) 

(52) 


and finally three new invariants which are dimen¬ 
sionless, (like x(M 4)): 

,(3) 


/i^(Af4) — 


d> 




E 

0(3) ,/l) 


E 


(53) 


We shall perform now the dual transformation of 
the above invariants and address the question of 
their internal and external properties. 

To get the dual form of the above invariants 
we combine terms in the parentheses belonging 
to the same tetrahedron in the first, third and 
sixth of the invariants in (pT[)-(p^: 


( O'ijkl 

1 Xijki 


^ijk 

X ■ 

^ ‘‘ijkl 

y ^ijkl ^ 

over tetrahedron (ijkl) 

1 “yfci 


Hence, we have the following sequence of invari¬ 
ants constructed from associated with tetra¬ 
hedron (ijkl): 


ijkl 


(ijkl) 



'^ijkl J 


(55) 


A 


T \ = E 

over triangle (ijk) 



(56) 


we get integral invariants constructed from wb^’s 
associated to triangles < ijk >: 




(ijk) 



,( 2 ) 

'^ijk^ 


(57) 


where = 2tt — YO Pijk is the deficit angle on 
the triangle (ijk) which have the area cr^-fc, the 
perimeter Ayfe and as usually the sum of internal 
angles equal to tt. The first invariant in this fam¬ 
ily coincides with discrete version of the Hilbert- 
Einstein action [Q, the second coincides with the 
linear action which we already discussed in the 
first section and the last one is equal to the 
total deficit angle of the whole manifold [Q . 

The fourth invariant is simply equal to the vol¬ 
ume of the spherical image of the edge and associ¬ 
ated to the linear term (^^ we have two integral 
invariants constructed from the three-volume of 
the spherical image uj)/ of the edge (ij): 




E 

(^j) 


-ij 

Aij 

1 




(3) 


(58) 


where = tt — aijki is the angle between two 
neighboring four-dimensional simplexes having a 
common tetrahedron (ijkl) of volume Vijki, area 
Cijkh length Xijki and total internal solid angle 

^ijkl • 

Combining the second and the fifth term in 
the parentheses in ( ^ and (53) belonging to the 
same triangle 


Because the spherical images are defined 
through the embedding of the manifold into Eu¬ 
clidean space it is not an easy task to understand 
(54) why part of the integral invariants (|^, (^,(|^) 
and (^ ) does not actually depend on the em¬ 
bedding. The reason is that, for the smooth 
manifold the integral invariants are built up by 
the Riemann tensor and thus are independent of 
its embedding in Euclidean space. For the dis¬ 
crete version of the classical invariants and for 
the new ones this can be seen by applying the 
Gauss-Bonnet theorem to a spherical images 
and expressing the measures on the image 
through the internal angles . 

The Gauss-Bonnet theorem provides us with 
general relations between the volume of the spher¬ 
ical image of the vertex and the solid angles 
associated to the vertex. Indeed, the Gauss- 
Bonnet theorem for the two-dimensional triangu- 
lated surface can be formulated in the form lEdb 


dTT * 2.^ 47r 2 

Hence, summing over all vertices in the triangu¬ 
lation one can see that 


(59) 


(60) 


(i) 


1 


= Eii-^E^S} = ^o-^2/2, 


(61) 
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where Nq is the number of vertices and N 2 the 
number of triangles on the surface M 2 ■ 

This can be generalised to four dimensions: in 
every vertex of the simplicial manifold M4 we 
have ||-|§|3^ 

= 5.(62) 




1(2) 


which shows that the hyper-volume uj\ on S'^ 
can be expressed through the intrinsic quantities. 
The Euler-Poincare character is equal to 

‘^) q> 


-r i ^ = ^0 - ^2/2 + N, (63) 

{ijk) 

and we obtain the relation between the total 
deficit angle 


,( 2 ) 


1 


E ( 2 ) 

^ijk 

{ijk} 

and the total solid deficit angle 


(64) 


a 


(2) 


(b 


SL}(65) 


where the terms involving the square of the deficit 
angles introduce an intrinsic rigidity into the sim¬ 
plicial manifolds. This choice of discretized action 
with higher derivative terms is related, but not 
identical to the terms suggested in [^. Gener¬ 
ally spiking the rigidity can be understud as a 
property of system when the dynamical dimen¬ 
sion in the form of the Hausdorff dimension dn 
coincide with the kinematical dimension d of the 


system |20 


d}j = d. 


(69) 


From numerical simulations one can conclude 
that the correct disription of the four dimensional 
universe in the infrared limit should include terms 
which introduce additional rigidity into quantum 
gravity. 
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